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It is a classic result in computable analysis that we can compute the tuple of complex roots
of a monic real polynomial (with each root appearing according to its multiplicity). Knowing
the exact degree is clearly just as good as the polynomial being monic. If we only care about real
roots, the problem ceases to be computable. Even asking for just one root, and guaranteeing
that one exists, can solve LLPO: ((x − 1)2 + ε)((x + 1)2 − ε) is a polynomial of degree 4 with
a real root, but whether the root is near +1 or near −1 tells us whether ε is non-negative or
non-positive. LLPO is equivalent to finite choice C2 , and C∗ suffices to select a real root amongst
the tuple of complex root. Put together, we see that C∗ is the Weihrauch degree of finding a
real root of a polynomial of known degree (which has a real root).
However, a satisfactory representation of polynomials only provides an upper bound on the
degree, not its exact value. Le Roux and the second author have shown that finding a zero of a
continuous function with up to n local maxima can be done using C3n in [3]. Since C3n ≤W C∗2 ,
it follows that we only need to exclude the zero polynomial, and then C∗ can find an existing
real root (albeit in an exponentially less efficient way when it comes to counting the number of
oracle calls).
If the polynomial is allowed to be 0, then already solving bx = a for 0 ≤ a ≤ b has the degree
AoUC[0,1] , and AoUC[0,1] W C∗2 [5]. If we do not bound the location of the root, we even get
the degree LPO. In the following, we thus only consider finding real roots which are guaranteed
to exists in [0, 1].
Definition 1. Let BRoot : R[X] ⇒ [0, 1] map real polynomials to a root in [0, 1], provided there
is one.
Theorem 2. BRoot ≤W AoUC∗[0,1]
Finding a root of a single polynomial does not provide much power however:
Proposition 3. AoUC[0,1] × C2 W BRoot
We subsequently turn our attention to multivariate polynomials. Using cylindrical algebraic
decomposition, one can compute some univariate polynomials from a multivariate polynomial
such that if the latter has a root, then it has a root where the first component is a root of one of
those univariate polynomials. We can recursively use this to find a root of the multivariate polynomial. Being allowed to make repeated calls to a Weihrauch oracle is captured by the operator
 introduced in [4] (see also [6]). If we use BMRoot to denote the multivariate counterpart of
BRoot, this reasoning establishes:
Theorem 4. BMRoot ≤W AoUC[0,1]
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It is known that AoUC∗[0,1] <W AoUC∗[0,1] ? AoUC∗[0,1] ≡W AoUC[0,1] [2], so iterative access to
AoUC[0,1] is indeed stronger than just parallel access (weirdly enough, two layers of oracle calls
already provide the full power). We are thus left with the open question:
Open Question 5. Does BMRoot ≤W AoUC∗[0,1] hold?
For context and unexplained notation, see [1].
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